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Abstract. Using groupoid S^-central extensions, we present, for a compact simple Lie group 
G, an infinite dimensional model of S^-gerbe over the differential stack G/G whose 
Dixmier-Douady class corresponds to the canonical generator of the equivariant 
cohomology Hq(G). © 2001 Academie des sciences/Editions scientifiques et 
medicales Elsevier SAS 

Gerbes Equivariantes sur les groupes de Lie simples compacts 

Resume. En utilisant des extensions S 1 -centrales de groupoides, nous presentons, dans le 
cas d'un groupe simple compact G un modele de dimension infinie d'une S 1 -gerbe 
sur un champ differentiate G/G dont la classe de Dixmier-Douady correspond au 
generateur canonique de la cohomologie equivariante Hq(G). © 2001 Academie 
des sciences/Editions scientifiques et medicales Elsevier SAS 



Version francaise abregee 

Soit G un groupe de Lie compact simple, le groupe de cohomologie equivariante Hq (G) contient 
un generateur canonique [w + ft] dont la classe est entiere (voir Sec. 13. 1.1 pour la definition de uj et 
f2), oil G agit sur lui-meme par conjugaison. Nous realisons cette classe en termes d'une extension 
S^-centrale de groupoides, ou en tant que la classe de Dixmier-Douady d'une gerbe sur un champ 
differentiable. Le champ est celui correspondant a la transformation de groupo'ide G x G =t G. Cet 
exemple s'integre dans la theorie generale developpee dans 0E|- Notre construction est divisee 
en deux etapes. La premiere etape s'inscrit dans le cadre de la geometrie de Poisson: pour une 
variete de Poisson affine q* induite par un 2-cocycle d'algebre de Lie A € A 2 g*, nous construisons 
son groupo'ide symplectique ainsi qu'une extension S^-centrale de groupoides. La construction se 
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fait de la maniere suivante. Soit S 1 — ► G — G une extension S^-centrale au niveau des groupes 
de Lie. On forme les groupoides de transformations T(= G x q*) =$ g* et R(= G x q*) =$ g* (G 
agit sur g* par Taction de jauge J3J), tandis que G agit sur g* essentiellement par la meme action 
obtenue par composition avec le morphisme de groupes n : G — > G). En considerant R comme sous- 
groupoide du groupoide symplectique T*G =$ g*,j)n P eu t considerer les images reciproques sur 
R des formes symplectique et de Liouville sur T*G et obtenir repectivement une 2-forme fermee 
ojr G VI 2 (R) et une un- forme Or £ Soit tt : R — > T la projection naturelle induite par 

TT : G -> G. 
Theoreme 0.1. - 

1. La 2-forme fermee lor est basique relativement au S 1 -fibre R — > r, et rfonc se projette en 
une 2-forme fermee tv? sur T, c.d.d, ojr = tt*ujy. 

2. tor est symplectique, ce qui est compatible avec la structure de groupoide de telle sorte que 
cela definisse une structure de groupoide symplectique sur T. C'est le groupoide symplectique 
de la variete de Poisson affine g* . 

3. tt : R — ► r est une extension S 1 -centrale de groupoides de Lie. 

4- Or, est une forme de connexion de prequantification sur le S 1 -fibre tt : R — > T compatible avec 
la structure de groupoide, c.d.d., OOr = et d0R = tt*lu-t. 

En d'autres termes, 9r £ C% R {R.) est une pseudo-connexion sur R au sens de dont ujt £ 
Zf) R (T.) est la pseudo-courbure. 

Pour un groupe de Lie simple compact G d'algebre de Lie g, la forme basique sur g induit une 
2-cocycle naturel d'algebre de Lie sur l'algebre de Lie de lacets Lg. En appliquant la construction 
ci-dessus, on obtient un groupoide symplectique (LG x Lg =4 ^0,^lgxLj) ainsi qu'une extension 
S' 1 -centrale LG x Lg =$ Lg de ce dernier. Ici nous identifions Lg avec Lg* par la forme de Killing. 
L'application d'holonomie Hoi : Lg — > G induit un morphisme naturel de Morita du groupoide 
LG x Lg =$ Lg vers G x G =! G, dont le morphisme induit en cohomologie de de Rham envoie 
\u) + ft] sur la classe [wlgxLj] ■ Nous prouvons done que : 

Theoreme 0.2. - Soit cu + fl unJ3-cocycle comme ci-dessus, definissant une classe entiere dans 
Hq(G). L 'extension S 1 -centrale LG x Lg Lg de LG x Lg =4 Lg correspond a une S 1 -gerbe sur 
le champ G/G de classe de Dixmier-Douady [u> + Ct] £ Hq(G). 

1. Introduction 

Let G be a compact simple Lie group, the equivariant cohomology group Hq(G) contains a 
canonical generator of integer class, where G acts on itself by conjugation. We realize this class 
in terms of a Lie groupoid S^-central extension, or as the Dixmier-Douady class of an S^-gerbe 
over a differential stack. The stack is the one which corresponds to the transformation groupoid 
G x G =} G. This example fits into the general theory developed in [21 E] • Recall that associ- 
ated to every Lie groupoid T =4 M, there are De Rham cohomology groups defined as follows. 
Define r„ = T x m ■ ■ ■ x m T, i.e., r„ is the manifold of composable sequences of p arrows in the 

V v ' 

p times 

groupoid r =4 M (Ti — T, Tq = M). We have p + 1 canonical maps T p — > L p _i (each leaving 
out one of the p + 1 objects involved a sequence of composable arrows), giving rise to a diagram 
. . .T2 I Ti ; Tq . In fact, T. is a simplicial manifold. We introduce the double complex 
f2*(r.). Its boundary maps are d : £l k (T p ) — > f2 fe+1 (r p ), the usual exterior derivative of differential 
forms and d : n k (T p ) — > f2 fe (r p+ i), the alternating sum of the pull back maps of the above diagram. 
We denote the total complex by C^^fT.) and the total differential by 5 = (—l)' p d + d. The total 
cohomology groups of f2*(r.), H^^T.) = H k (f2* (r .)) are called the De Rham cohomology groups 
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of r =t M. In the case that T 14 M is a transformation groupoid G x M M, these are the 
G-equivariant cohomology groups. In [2], we discussed the general question of how to realize a De 
Rham integer 3-cocycle in terms of an analogue of curvature on a Lie groupoid S^-central extension. 
When this 3-cocycle consists of only one term oj £ 2 (T), the 3-cocycle condition is equivalent to 
that (r ^ M, uj) is a symplectic groupoid if w is further assumed to be non-degenerate. S^-central 
extensions of a symplectic groupoid were studied extensively by Weinstein and one of us in [5], to 
which we refer the readers for details. 

When r =3 M is the transformation groupoid G x M =4 M, then uj + Q £ Cf) R (T.), where 
u> £ fl 2 {T) and Q, £ fi 3 (Af), is a 3-cocycle if and only if dfl = 0, dtu = a*fl - (3*VL and (d% - + 
= 0. In this case, the class of uj + CI defines an element in the G-equivariant cohomology 
group Hq(M). When M = G is a compact simple Lie group and G acts on itself by conjugation, 
an explicit formula for both an uj £ ^ 2 (r) and an f2 £ fl 3 (M) appeared in in the study of 
group valued momentum maps and the moduli spaces of flat connections over two surfaces. See 
also [5] and jS] for the related topics and motivation. However, the fact that uj + fl is a 3-cocycle in 
Gf)jj.(r.) was overlooked in the literature. In this Note, we reinstate this fact, and show that [w + fi] 
is an integer class by constructing an S' 1 -gerbe over the stack G/G (also called a G-equivariant 
gerbe over G) which has [us + O] as its Dixmier-Douady class. Our method is to pass from the 
groupoid G x G =4 G to a Morita equivalent infinite dimensional symplectic groupoid, where an 
S^-central extension can be readily constructed by the methods of Poisson geometry. 

Applications of this construction to momentum map theory and twisted K-theory will be dis- 
cussed elsewhere. 

2. Symplectic groupoids of affine Poisson manifolds 

2.1. General Construction 

Let 2 be a (finite or infinite dimensional) Lie algebra over R, and A £ A 2 g* a Lie algebra 2- 
cocycle. Let q = g © R be the corresponding central extension. Assume that S 1 — > G G is a 
central extension on the level of Lie groups, which exists if log £ il 2 (G), the left invariant closed 
two-form corresponding to A, is of integer class. It is well-known that the transformation groupoid 
r(= G x g*) =| g*, where G acts on g* by coadjoint action: g ■ £ = Ad-^^, Vg £ G, £ £ g* (Ad--! 

stands for the dual of Adg-i), is a symplectic groupoid. The symplectic structure on G x g* is the 
canonical cotangent symplectic structure when G x g* is being identified with T*G via the right 
translation. 

Denote by x : G — > g* the group 1-cocycle integrating the Lie algebra 1-cocycle X b : g — > g*, 
(X b (v),u) = X(v, u), Mv,u £ g, where G acts on g* by the coadjoint action. We assume that \ 
exists, which is true, for instance, when G is simply connected. Since G is a central extension of G, 
its adjoint action on g descends to an action of G given by g-(X, t) = (Ad g X, t+(x(g~ 1 ),X)), Vg £ 
G, (X, t) £ g (= q © R), and therefore the induced coadjoint action is 

g-(U) = (Ad* g ^ + tx(g), t), V.geG, (&t) eg*(=fl*©K)- (1) 

Embed g* as a hyperplane of g* via the map (j> : £ — > (£, 1), V£ £ g*. Clearly g* is a Poisson 
submanifold of g* with the affine Poisson relation: {lx,ly} = 'pt,Y1 +A(JC,y), VX, F £ g. By Eq. 
this hyperplane is invariant under the coadjoint action of G, on which it takes the form: 

g^ = Ad* g .^ + x (g), V.geG,Ce *. (2) 

Let r be the corresponding transformation groupoid G x g* =t g*. One may also form the trans- 
formation groupoid R : G x g* =4 g* (here the G-action on g* is essentially the same action Q 
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composing with the group morphism 7r : G — > G). Then R =4 0* is a subgroupoid of the symplectic 
groupoid r =$ g* under the natural embedding i : (g, £) — > (g, (j>(£)). By 6*p and Wp we denote the 
Liouville one- form and symplectic two-form on L (= T*G) respectively, and set lor = i*u>^ G fl 2 (R) 
and Or = i*6f G By 7r : R — » L, we denote the natural projection: 7r(<f, £) = (^(flOiO) 

V(s,()£Gxg*. 
Theorem 2.1. - 

1. The closed two-form u>r is basic for the S 1 -bundle R — > L, and therefore descends to a closed 
two-form LUr on T, i.e., u)r = 7r*c<Jr- 

2. ojt is symplectic and compatible with the groupoid structure so that it defines a symplectic 
groupoid on T . This is the symplectic groupoid of the affine Poisson manifold g* . 

3. tt : R — > r is a S 1 -central extension of Lie groupoids. 

4- Or is a prequantization connection form on the S 1 -bundle tt : R — > T compatible with the 
groupoid structure, i.e., 80r = and dOR — 7T*u)r- 

In other words, Or G C^, R (R.) is a pseudo-connection on R in the sense of 2 with ujr G Z^-, R (T.) 
being its pseudo-curvature. Since r g* is a transformation groupoid, its De Rham cohomology 
is the equivariant cohomology Hq(q*), where G acts on g* by the gauge action (Q. The Lie 
groupoid S^-central extension R — > T can be considered as a geometrical model realizing the class 
[u>r] G Hq(2*). Indeed, if d\ and X are the differential stacks corresponding to the Lie groupoids 
R =t g* and V 0*, respectively, then 9\ is an S^-gerbe over X whose Dixmier-Douady class is 
equal to [uj r ] G H% R {X) E1EJ. 

Remark 1. - Note that R — > T is indeed the pull back S^-central extension of G ~^-> G via 
the groupoid morphism ip from T(= G x g*) =4 g* to G =4 • defined by the natural projection. 
As a consequence, wr and ip*0JG define the same class in Hq(q*): the Dixmier-Douady class of 
the S^-gerbe — » X. It would be interesting to investigate whether this class is non-trivial when 
A G A 2 g* is assumed to be a non-trivial 2-cocycle (otherwise it is obvious that tp*u> is a trivial 
class). In the case of loop groups below, one indeed obtains a non-trivial class. 

2.2. Loop Group Case 

We will apply the above construction to the case of loop groups. 

Let (•, •) be an ad-invariant non-degenerate symmetric bilinear form on g. It is well-known that 
(•, •) induces a Lie algebra 2-cocycle on the loop Lie algebra A G A 2 (Lg*) defined by 0: 

X(X, Y) = ±-[ (*(*), y'(s))ds, VX(s), Y(s) G Lg. (3) 
o 

By Lg we denote its corresponding Lie algebra central extension. Assume that A satisfies the 
integrability condition (i.e., the corresponding closed two-form uj^q G Vt 2 (LG) LG is of integer 
class). It defines a loop group central extension S 1 — > LG — > LG. By identifying Lg* with Lg 
via the bilinear form (-,■), the 1-cocycle \ admits the form: x(9( s )) — .9'( s ).9( s )~ 1 i ^9{ s ) € LG, 
and the gauge action (J2J becomes 

g.£ = Ad* g ^ + g'g~\ Vg G LG, £ G Lg. (4) 

This is the standard gauge transformation when Lg is identified with the space of connections on 
the trivial bundle over the unit circle S . 

As above, we can form the transformation groupoids T : LG x Lg ^ Lg and R : LG x Lg =t Lg, 
and define u R G n 2 {R) and Or G fi^iJ). 
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According to Theorem 12. II we see that the closed two- form lor is basic and descends to a closed 
two-form uiLGxLg on r. 

Corollary 2.2. - (LG x Lg =4 Lg, ujlgxLq) is & symplectic groupoid integrating the affine 
Poisson structure on Lg. Moreover, tt : LG x Lg — > LG x Lg is a S 1 -central extension of Lie 
groupoids, on which 9r G Cp R (R.) defines a pseudo-connection with ULGxLg being its pseudo- 
curvature. 

3. An S' 1 -gerbe over G/G 

3.1. AMM-groupoids 

Let G be a Lie group equipped with an ad-invariant non-degenerate symmetric bilinear form 
(•, •). Consider the transformation groupoid G x G 4 G, where G acts on itself by conjugation. 
As in pQ, we denote by 9 and 9 the left and right Maurer-Cartan forms on G respectively, i.e., 
9 = g _1 dg and 9 = dgg -1 . Let f2 £ f2 3 (G) denote the bi-invariant 3-form on G corresponding to 
the Lie algebra 3-cocycle [•, •]) G A 3 g* , and u> G il 2 (G x G) the two-form: 

w = -\[(Ad x g*9, g*9) + [g*d, x*(9 + $))], (5) 

where (g,x) denotes the coordinate in G x G, and g*9 and a;*6> are, respectively, the g-valued 
one-forms on G x G obtained by pulling back 9 via the first and second projections, and similarly 
for x*9. 

A simple computation leads to 

Proposition 3.1. - to + Q is a 3-cocycle of the De-Rham total complex of the transformation 
groupoid G x G 4 G, and therefore it defines a class in the equivariant cohomology H G (G). 

Remark 2. - 

1. When G is a compact simple Lie group with the basic form (-,-), [to + 0] is a generator of 
Hq(G). In Cartan model, it corresponds to the class defined by the do-closed equivariant 
3-form XG (0 = n-±(9 + 9,0 : g* — > fi*(G), V£ G 0*. 

2. In general, given a transformation groupoid G x M =4 M (G is assumed to be compact), 
and a tic-closed equivariant 3-form xg = ^ + E(£), where SI G f2 3 (M) is an invariant closed 
3-form on M and E : g* — > J7 1 (M) a G-equivariant linear map, an explicit formula for a 
two-form ui G Q 2 (G x M) can be found [Sj, using the Bott-Shulman construction, such that 
lo + £1 G Zp R (G x M ^4 M) defines the same class of xg- 

3.2. S^-central extensions 

Next we want to construct an ^-central extension of Lie groupoids which realizes the class of the 
3-cocycle u> + in Proposition ^. II as its Dixmier-Douady class. Since f2 G f2 3 (G) is not exact, first 
of all we need to pass to a Morita equivariant groupoid |2J. There are many different choices for 
such a groupoid. Basically, one needs to choose a surjective submersion / : M' — > G such that the 
pullback three form f*fl is exact on M' . Then V : M' Xc, a L x M' M' becomes a groupoid, 
and the natural projection from L' =4 M' to L =4 G is a Morita morphism For instance, one 
choice is to take a good open cover {Ui} of G. Another choice, which is the one that we will pursue 
in this Note, is the infinite dimensional manifold Lg while / is the holonomy map Hoi : Lg — ► G, 
i.e., the time-1 map of the differential equation: Hol^A^-^Hol^X) = X, Hol (X) = e. Then 

we have Hol*f2 = dfj,, where fi is the two-from on Lg: [i = \ /^(Hol*^, -^Ho\* s 9)ds pp. 
Proposition 3.2. - 
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1. We have a Morita morphism f of Lie groupoids from LG x Lg =J Lq to G x G =4 G, which 
is given by f(g,r) = (<?(0), Hol{f)) on the space of morphisms and by f(r) = Hol(r) on the 
space of objects, \/g £ LG, r £ Lq. 

2. Under the induced isomorphism f* : Hq(G) — ► H^ g (Lq), [w + fi] goes to [wigxiJ- Indeed 
we have 

ULGxLg - f*(cO + fi) = 6[i. 

As a consequence, we have 

Theorem 3.3. - Let G be a He group equipped with an ad-invariant non- degenerate symmetric 
bilinear form (■,■). Assume that A £ A 2 (Lq*) as in Eq. (jJJ satisfies the integrability condition. 
Then the 3-cocycle ui + fl corresponds to an integer class in Hq(G). The S 1 -central extension 
LG x Lq =4 Lq of LG x Lq z3 Lq corresponds to an S l -gerbe over the stack G/G with the Dixmier- 
Douady class [u> + f2] £ Hq{G). 

Remark 3. - If there is a Morita morphism from Lie groupoid Y' =$ M' to Y =4 M, then 
these two groupoids are also Morita equivalent in the sense of JU|, which means that there is a 
bimodule. Indeed, these two notions of Morita equivalence are equivalent [3]. Morita equivalence 
via bimodules is particularly useful in constructing S^-central extensions. It allows one to construct 
the S^-central extension of one groupoid in terms of an S^-central extension of the other together 
with a prequantization of the bimodule. See 3 for the details. This, for instance, will lead to 
a construction of an S' 1 -central extension of the Morita equivalent Lie groupoid Y' M' when 
M' = UUi is an open covering as in . 

We end the paper with the following proposition which explicitly describes the equivalence 
bimodule between the groupoids G x G =$ G and LG x Lq Lq. 

Proposition 3.4. - The groupoids G x G =t G and LG x Lq Lq are Morita equivalent in 
the sense of Definition 2.1 in \10lj . where the bimodule X can be taken as G x Lq, and p : X — > G 
and a : X — ► Lq are given, respectively by p(g, r) = gHol^g^ 1 and a{g, r) = r, V(<?, r) £ G x Lq. 

The groupoid G x G =4 G acts on X from the left by: (31,32) 1 (<?, r ) = {gi9, r ), ^{giidi) S 
G x G, (g,r) £ G x Lq, such that g 2 = gHol(r)g ; while LG x Lq =4 Lq acts from right: 
{g, r) ■ (g(s), r') = (gg(0),r'), V( 5 , r) £ G x Lq, (g(s),r') £ LG x Lq, such that r = g(s) ■ r' . 
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